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The low Q s tructure factors have been determined in the region down to Q = 0.08 A"1 for 
liquid Na, K, Rb, Cs, Mg, Ca, Sr, Ba, Al and In at several temperatures by x-ray diffract ion with 
the transmission mode. The low Q structure factor is a slowly increasing function of Q, and its 
profile is quite similar among the liquid metals presently investigated. The long wavelength limit 
value of S(Q) derived from the present experimental structural data agrees well with that 
calculated from the isothermal compressibility for seven metals near the melting point. A differ-
ence larger than 10% was found in the cases of liquid Cs, Ca and Al. 

Introduction 

X-ray and neutron diffraction studies provide a 
large amount of valuable information about the 
atomic scale structure of liquid metals [1, 2], In 
these previous studies, the determination of the 
structure factor, 5 ( 0 ) , in high Q region was of 
primary importance in order to obtain a radial dis-
tribution function. On the other hand, the need for 
structural data concerning the low Q region has 
been frequently emphasized as a rigorous test of the 
electron transport theory and the approximate sta-
tistical theory for l iquid metals (for example, 
Greenfield [3], North et al. [4], Ballentine and Jones 
[15]). However, such low Q structure factors are 
available for only a few metallic elements [6 -9 ] . 
The low Q behaviour of the structure factor, S(Q), 
for liquid metals is again recognized to be of con-
siderable interest, in parallel with recent theoretical 
progress in liquid metals (Evans and Sluckin [10], 
Ohkoshi et al. [11], McLaughlin and Young [12], 
Matthai and March [13]). With this fact in mind, 
the main purpose of this work is to provide infor-
mation on the low Q structure factors of liquid 
metals at various temperatures carefully and sys-
tematically measured by x-ray diffraction. 

Experimental Procedure 

Following the detailed discussions and results 
given in previous works [ 7 - 9 , 1 4 - 1 5 ] a transmis-
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sion mode with MoK a and Rh-K a radiation was 
used in this work. The basic experimental arrange-
ments and operating procedures were almost identi-
cal to those employed in the previous works [7, 9] 
and are therefore not duplicated here. Only some 
relevant details are given below. 

The samples were prepared from the following 
materials with nominal purity indicated in %; Na 
(99.93), K (99.99). Rb (99.95), Cs (99.98), Mg (99.9), 
Ca (99.0), Sr (99.0), Ba (99.0), Al (99.99) and In 
(99.999). A line x-ray source is monochromatized 
with a bent and ground LiF crystal in a pr imary 
beam whose focal spot lies beyond the sample and 
just before the detector. The slit system is as 
follows; divergent slit: 1 receiving slit 0.1 m m and 
scattered slit: 1 mm. The sample table of the hori-
zontal diffractometer rotates at half the angle of the 
detector arm to maintain the focusing condition. 
Most of the data were obtained by Mo-K^ radiation, 
but the measurement with Rh-K a radiation was also 
used so as to avoid the well-known disadvantages 
such as the fact that the energies of Rb-K^ and Sr-
K^ are close to that of Mo-K 2 . The sample was 
placed in the high temperature sample holder made 
of 18/8 stainless steel, the basic design of which is 
very similar to that employed by Huijben and van 
der Lugt [9], and heated with a spiral SYTT(Fe-
25wt%Cr-4wt%AI -1 wt%Y) heating element to the 
desired temperature within ± 1 deg. Depending on 
temperature and element, a beryllium sheet, 0.12 mm 
thick, or a pyrolitic graphite sheet, 0.15 m m thick, 
was used as a window material with boron nitride 
supports. A very thin (10 pm) nickel or tantalum foil 
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was also used to protect the beryllium window from 
attack by the chemically reactive elements such as 
heavy alkaline earth metals. The sample thickness 
was continuously varied by mechanically moving 
the windows. The spacing of two window materials 
is adjustable between 0.03 mm and 3 mm. This high 
temperature sample holder was enclosed under He 
atmosphere in a container with thin Mylar windows. 

Two x-ray scattering measurements were carried 
out for each sample; one is to obtain the intensity 
from the empty cell and the other is from the cell 
containing the sample. A brief description for the 
correction of the observed intensity data is also 
given below, although these procedures are now 
very common. The polarization correction for a 
mosaic crystal has been applied in this analysis. The 
product of absorption coefficient and sample thick-
ness was determined experimentally as a function of 
angles at every temperature presently investigated. 
The correction for the Compton scattering was 
based on a calculation with the values reported by 
Cromer and Mann [16] and the so-called Breit-Dirac 
recoil factor (see, e.g. Wagner [17]). The small 
wavelength dependence of the Compton scattering 
intensity, which is mainly the results of the slightly 
different linear absorption coefficient after scatter-
ing, was also considered using Victoreen's formula 
[18] in this work. The evaluation of the Compton 
scattering component in the measured intensity data 
was independently checked by measurements using a 
Ge-SSD with a very narrow window, or by using a 
diffracted monochromator mode coupled with the so-
called Ruland method [17], The multiple scattering 
correction was considered only for the doubly scat-
tered radiations along the lines proposed by Malet et 
al. [19]. These correcting procedures are almost 
identical to those employed in the previous works 
on liquid alkali metals and tin [7, 9] and have 
already been described in detail. It may be worth 
mentioning that these corrections appear not to be 
critically important for the metallic elements pre-
sently investigated. For normalization, the generali-
ized Krogh-Moe-Norman's method was used in 
conjunction with the atomic scattering factor calcu-
lated by Cromer and Waber [20] together with the 
anomalous dispersion correction factor [21], The 
method proposed by Rahman [22] was also em-
ployed for checking the normalization with the 
measured density values, which are known with an 
uncertainty of 0 . 4 - 0.7%. 

Results and Discussion 

The low Q structure factors were evaluated in the 
following way. In the first step, the conventional 
experiment of transmission mode (hereafter to be 
referred to as large angle measurements) was done 
to obtain the structure factor S ( ^ ) as a function of 
Q with emphasis on the region larger than 0.5 A - 1 . 
The results are given in Fig. 1 for liquid Na at 
105 °C as an example. The increase in the value of 
S(Q) below ^ = 0.5 A - 1 is a well-known spurious 
effect related to the sensing of the primary beam by 
the detector system. This effect has partially been 
overcome by placing an additional slit system [23] 
which more narrowly defines the incident and dif-
fracted beams. In the second step, a more accurate 
low angle measurement was carried out using a very 
narrow beam. The readjustment of the slit system 
was also employed in this measurement to penetrate 
sufficiently deep into the liquid sample in the low 
angle region. Such readjustment has been applied 
by Huijben and van der Lugt [9], The low angle 
results are superimposed on the large angle results 
obtained in the first step as shown in Fig. 1 using 
the results of liquid Na at 105 °C as an example. 
The uncertainty in the normalization of the struc-
ture factor calculated from the results in the low 
angle measurements with the narrow beam is re-
duced when overlapping results are obtained in the 
region of the first peak using two measurements 
(low angle and high angle measurements). In the 
previous works of North and Wagner [7] and Green-

Fig. 1. Structure factor S(Q) of liquid Na at 105 °C. The 
solid line denotes the results of large angle scattering mea-
surements and the crosses are the results of low angle 
scattering measurements. The insert shows the values in 
the low Q region. 
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field et al. [8], only a single measurement was used 
to determine the low Q structure factor, whereas the 
superimposition of two data was made in the 
limited 0 region between 0.2 and 0.5 A ' 1 in the 
work of Huijben and van der Lugt [9]. By the pre-
sent technique of two different measurements, it 
was possible to obtain more accurate information 
down to a value of Q = 0.08 A - 1 . 

The experimental uncertainty in the low angle 
results themselves is difficult to estimate. However, 
the following points are suggested. The accumu-
lated counts varying from 6 x l 0 4 ( 0 ^ 5 . 0 A - 1 ) 
in the low angle measurements to 2 x l 0 5 

( 0 > 5.0 A - 1 ) in the high angle measurements were 
chosen so that the counting statistics were approxi-
mately uniform. On the basis of the check by Rah-
man's method, the normalization for the present 
large angle measurements is in error by less than 
1.8%. A source of systematic errors for the liquid 
structure factors by x-ray diffraction arises from the 
uncertainties of the atomic scattering factor, of the 
Compton scattering and of the multiple scattering. 
According to the detailed discussion given by 
Greenfield et al. [8] and Marlet et al. [9], the maxi-
mum error in these quantities seems not to exceed 
1% for the metals presently investigated. Therefore, 
the total uncertainty of the structure factors ob-
tained from the large angle measurements in this 
work is estimated to be 2.8%. The mismatch in the 
superimposition of two x-ray scattering intensities 
(low angle and high angle measurements) was of the 
order of 0.6% over the range of 0 presently in-
vestigated. Thus, an uncertainty of 3.4% in the low 
0 structure factors in this work may be suggested 
from these uncertainties including the counting sta-
tistics in the low angle measurements. We could also 
suggest that the relative changes ÖS(Q)/ÖT arising 
from the temperature variation are in error by less 
than 1%, i.e. the accuracy of the temperature 
dependence of the low Q structure factors obtained 
in this work is higher than that of the structure 
factor itself. 

The experimental results indicate a smooth varia-
tion of the low 0 structure factor 5 ( 0 ) as a function 
of Q for ten liquid metals at several temperatures 
presently investigated. Such structural feature is 
exemplified by Fig. 2 using the results of liquid Na 
as an example. The low 0 structure factor gives a 
slowly increasing function of 0 , particularly in the 
range of 0 ^ Q\/2 where Q\ is the first peak posi-
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Fig. 2. Temperature dependence of the low Q structure 
factor S(Q) of liquid Na. The crosses denote the plot of 
[ 5 ( 0 ) - S (O) ] /0 as a function of Q. 

tion in the structure factor, while it rises rapidly to 
its peak value for Q > Q\/2. We also note the 
following two points: (1) The absolute values of low 
0 structure factors increase when the temperature is 
raised. (2) The low 0 structure factor at temper-
atures close to the melting point gives a nearly con-
stant value in the 0 range less than 0 i / 4 . 

The present experimental results suggest that the 
low Q structure factor 5 ( 0 ) of liquid metals for 
0 ^ 0 j / 2 can be expressed in the following poly-
nomial form: 

S(Q) = a0 + a]Q + a2Q2, (1) 

where a0, ci\ and a2 are the coefficients. The im-
portance of the linear term of a^Q in (1) has 
recently been stressed for liquid metals by Matthai 
and March [13]. In addition, the higher terms such 
as a 3 0 3 and a 4 0 4 are, of course, required for fitting 
the measured structure factor in a wider 0 region. 
As easily seen from the results of Fig. 2, the present 
experimental data can be extrapolated smoothly to 
the long wavelength value of 5 (0 ) calculated from 
the well-known relation; 

5(0) = Q o k ^ T / j , (2) 
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where g0 is the number density of atoms, kB is the 
Boltzmann constant, T is the absolute temperature 
and XT is the isothermal compressibility [24], Thus 
the coefficient a 0 in (1) is often replaced by the 5 (0 ) 
value. However, it should be kept in mind that the 
value of 5(0) obtained from Eq. (2) is subject to 
some ambiguity (about 10%), part arising from the 
uncertainty in the isothermal compressibility value 
as was already mentioned by Greenfield et al. [8]. 
For this reason, the value of a 0 = S ( 0 ) was eval-
uated in this work directly f rom the measured low 
0 structure factor by the following manner. 

In the Q range less than Q |/4, the following 
simplification can be made on the basis of experi-
mental data; 

5 ( 0 ) = 5(0) + a , 0 ( 0 = i 0 , / 4 ) . ( 3 ) 

This is confirmed by the plot of [ 5 ( 0 - 5 (O) ] /0 as 
a function of 0 as shown in the case of liquid Na at 
105 °C in Fig. 2, where 5(0) value of 0.0234 calcu-
lated from the isothermal compressibility data of 
Webber and Stephens [25] was used. With this ex-
perimental fact in mind, (3) can be rewritten in the 
following form; 

S(Q) 5 (0 ) 
+ ( 0 ^ 0 , / 4 ) . ( 4 ) 

Then, one obtain, with high accuracy, the values of 
5(0) and possibly ax f rom the plot of S(Q)/Q as a 
function of 1 / 0 in the low 0 region such as 
0 ^ 0 i /4 . The coefficient a\ should be determined 
by using the structure factor in a wider 0 region, so 
that our attention in this process focuses only to the 
determination of the 5(0) value directly f rom the 
measured low 0 structure factor. 

Figure 3 gives the plot of 5 ( 0 ) / 0 against 1 / 0 for 
liquid Na at several temperatures. The plotted 
points are the experimental data and the straight 
lines are the fit to the form of (4). The results of 
Fig. 3 clearly show that it is possible to determine 
the 5(0) value from the measured structural data 
alone using the formula (4). A similar feature was 
also obtained in other liquid metals as shown in 
Fig. 4. The 5(0) values obtained in this procedure 
for ten liquid metals at several temperatures are 
summarized in Table 1 together with the corre-
sponding values derived from the isothermal com-
pressibility data using (2). The overall agreement 
between 5(0) and Qok^T/T is rather surprisingly 
good, although the difference exceeds 10% in the 

Fig. 3. Relationship between S(Q)/Q and \/Q for liquid 
Na at several temperatures. The plotted points are the ex-
perimental data and the straight lines are the fit to the 
form of (4). 

1.0 0.5 OA 

Fig. 4. Relationships between S{Q)/Q and 1 / 0 for various 
liquid metals near the melting point in the Q region less 
than 0.5 A - 1 . The plotted points are the experimental data 
and the straight lines are the fit to the form of (4). 

cases of liquid Cs, Ca and Al. On the basis of the 
atomic level stresses in disordered system, Egami 
and Srolovitz [26] recently suggest that the micro-
scopic isothermal compressibility related to the 
local fluctuation in liquids is not necessarily equal 
to the macroscopic isothermal compressibility. Such 



513 Y. Waseda • T h e St ruc ture Factors of L iqu id Metals in Low Q Region 

Table 1. C o m p a r i s o n of the long wavelength value of S (0 ) ob ta ined f rom d i f f rac t ion da ta with 
those calculated f rom the isothermal compressibil i ty. 

Temp. 

( °C) -

Densi ty 

(g /cm 3 ) 

XT 

x 10 - 1 2 ( cm 2 /dyn) 

00 ̂ B tXT 5 ( 0 ) 
(Present 
work) 

QokBTXT-S(0) 
Qo kB T XT 

(%) 
N a 105 0.928 18.6 [25] 0.0234 0.023 + 1.7 

200 0.903 
18.6 [25] 

0.028 
300 0.881 0.032 
450 0.847 0.037 

K 70 0.826 38.2 [25] 0.0231 0.024 - 3.9 
105 0.815 

38.2 [25] 
0.025 

200 0.797 0.032 
350 0.763 0.035 

R b 40 1.416 49.3 [25] 0.0221 0.022 + 0.5 
100 1.448 

49.3 [25] 
0.025 

200 1.397 0.033 

Cs 30 1.838 68.8 [25] 0.0239 0.027 - 1 3 . 0 
100 1.796 

68.8 [25] 
0.032 

200 1.739 0.037 

Mg 680 1.545 5.06 [27] 0.0255 0.025 + 2.0 
790 1.433 

5.06 [27] 
0.028 

880 1.339 0.031 

Ca 850 1.37 11.0 [27] 0.0349 0.031 + 11.2 
Sr 780 2.38 13.1 [27] 0.0310 0.032 - 3.2 
Ba 730 3.32 17.9 [27] 0.0362 0.035 + 3.3 

Al 670 2.37 2.42 [28] 0.0166 0.019 - 1 4 . 5 
750 2.35 

2.42 [28] 
0.021 

1050 2.27 0.024 

In 160 7.03 2.96 [29] 0.0065 0.0068 - 4.6 
300 6.92 

2.96 [29] 
0.0098 

500 6.77 0.014 
700 6.61 0.020 

situation may account for part of the difference, as 
well as the experimental uncertainties in both 5 (0) 
and xt- However, the origin of the difference be-
tween 5 (0 ) and Qok^Txr of liquid Cs, Ca and Al 
cannot be clearly identif ied at the present time. 

The structural features emerging f rom the present 
low Q structure factors are consistent with the 
previous conclusion which has been obtained for 
some liquid metals [ 6 - 1 3 ] f rom the standpoints of 
both theory and experiments. A shallow min imum 
in the low Q structure factor of liquid alkali metals 
predicted by the second order pseudopotential 
theory of metals (Evans and Sluckin [10]) was not 
observed by us. However, we may add that a very 
weak but slowly decreasing tendency of the intensity 
pattern as a function of Q was detected in the case 
of liquid Na at 610 ° C as shown in Figure 5. 
Although the profile of the difference in the x-ray 
scattering intensity data between 550 °C and 610 °C, 
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Fig. 5. The low Q x-ray scattering intensity I(Q) of l iquid 
N a at 6 1 0 ° C . AI(Q) cor responds to the t empera tu re 
di f ference of intensity da ta be tween 550 ° C and 610 ° C 
normalized to the first peak height . The quant i t a t ive ac-
curacy is not the same as those of o ther measu remen t s 
given in Figs. 1 —4 due to the exper imenta l diff icul t ies . 



Table 2. Parameters of polynomial function for the low Q s tructure factors determined in this work. 5 ( 0 ) = X a / 0'« (0.08 ^ Q^ 1.0 A ') and the fitting 
uncertainty was less than 0.5% in most cases. /=o 

Temp. ( °C) «0 a. «2 a3 a4 a 5 «6 

Na 105 0.230638 E 01 0.139238 E — 01 0.438138 E - 02 — 0.145699 E + 00 0.483982 E + 0 0 -0 .505410 E + 00 0.179413 E + 00 
200 0.277665 E — 01 0.466976 E — 01 -0 .280554 E + 00 0.899155 E + 00 - 0 . 1 2 2 3 7 5 E + 01 0.765043 E + 0 0 -0 .168101 E + 00 
300 0.315440 E - 01 0.837089 E — 02 0.126580 E + 00 — 0.649106 E + 00 0.125802 E + 01 -0 .953906 E + 0 0 0.264732 E + 00 
450 0.374150 E - 01 0.876870E — 02 0.406764 E + 00 -0 .146473 E + 01 0.219270 E + 01 — 0.138488 E + 01 0.331042 E + 00 

K 70 0.240250E _ 01 0.585753 E - 02 0.194503 E + 0 0 - 0 . 9 6 1 5 5 8 E + 00 0.207302 E + 01 —0.193613 E + 01 0.688560 E + 0 0 
105 0.253311 E — 01 0.214649 E — 02 0.440108 E + 00 -0 .192291 E + 0 1 0.359389 E + 01 —0.300540 E + 01 0.976981 E + 00 
200 0.319116E - 01 —0.897109 E — 02 0.456625 E + 0 0 — 0.204297 E + 01 0.389066 E + 01 —0.325394 E + 01 0.106383 E + 01 
350 0.347911 E - 01 0.789681 E - 01 —0.553936 E + 00 0.249327 E + 01 — 0.501842 E + 01 0.473560 E + 01 —0.157624E + 01 

Rb 40 0.219326 E — 01 - 0 . 6 7 8 6 1 7 E — 02 0.333479 E + 00 —0.173799 E + 01 —0.388227 E + 01 —0.378379 E + 01 0.141366 E + 01 
100 0.253477 E - 01 -0 .180687 E — 01 0.589660 E + 00 —0.279925 E + 01 0.584343 E + 01 —0.543364 E + 01 0.194061 E + 0 1 
200 0.332115 E - 01 0.501198 E - 02 0.506230 E + 00 -0 .247478 E + 01 0.531613 E + 01 — 0.505826 E + 01 0.186797 E + 01 

Cs 30 0.268033 E _ 01 —0.442718 E — 01 0.797697 E + 0 0 -0 .398048 E + 01 0.856530 E + 01 -0 .817993 E + 01 0.296736 E + 01 
100 0.319759 E — 01 — 0.166364 E — 01 0.581286 E + 00 —0.323173 E + 01 0.752345 E + 01 —0.757886E + 01 0.288055 E + 01 
200 0.372215 E - 01 -0 .124979 E — 01 0.796807 E + 0 0 — 0.393873 E + 01 0.855222 E + 01 —0.828312 E + 01 0.309748 E + 0 1 

Mg 680 0.251314 E — 01 0.949091 E - 02 0.425219 E — 01 -0 .197527 E + 0 0 0.362655 E + 0 0 —0.237127 E + 00 0.561065 E — 01 
790 0.278165 E — 01 0.336452 E — 01 —0.176194 E + 00 0.511978E + 00 -0 .606905 E + 00 0.359447 E + 00 — 0.781789E — 01 
880 0.308181 E - 01 0.293423 E - 01 -0 .123216 E + 00 0.395987 E + 00 -0 .536525 E + 0 0 0.386243 E + 0 0 -0 .101901 E + 00 

Ca 850 0.305286 E _ 01 -0 .130732 E - 01 0.187423 E + 0 0 —0.654019 E + 00 0.985249 E + 0 0 — 0.662980 E + 00 0.184246 E + 00 
Sr 780 0.322240 E — 01 — 0.174015 E — 01 0.266985 E + 00 —0.104453 E + 01 0.186987 E + 01 — 0.152284 E + 01 0.491724 E + 00 
Ba 730 0.348752 E - 01 —0.720140 E — 01 0.795803 E + 00 —0.292613 E + 01 0.480396 E + 01 — 0.359647 E + 01 0.104055 E + 0 1 

Al 670 0.185900 E _ 01 0.312558 E — 01 -0 .231 171 E + 00 0.859422 E + 0 0 - 0 . 1 4 0 4 3 8 E + 0 1 0.105893 E + 01 —0.290124 E + 00 
750 0.210466 E - 01 0.756229 E — 03 0.109460 E + 0 0 -0 .392311 E + 00 0.572723 E + 0 0 -0 .333923 E + 0 0 0.692899 E - 01 

1050 0.238828 E - 01 -0 .113541 E - 02 0.126288 E + 00 -0 .447803 E + 00 0.692241 E + 00 — 0.455236 E + 00 0.112321 E + 00 

In 160 0.680294 E — 02 0.200361 E - 01 -0 .128623 E + 0 0 0.429585 E + 00 —0.590519 E + 00 0.373484 E + 0 0 -0 .868865 E - 01 
300 0.976645 E — 02 0.133298 E — 01 —0.391519 E — 01 0.910122 E — 01 -0 .440196 E - 0 1 —0.191513 E — 01 0.172297 E - 01 
500 0.142360 E — 01 0.180641 E - 01 —0.887449 E — 01 0.296833 E + 00 -0 .427332 E + 00 0.305784 E + 0 0 —0.778832 E — 01 
700 0.204464 E - 01 0.291039E — 01 -0 .178368 E + 0 0 0.540681 E + 00 -0 .701298 E + 0 0 0.447996 E + 00 —0.104168 E + 00 
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which are normalized to the first peak height 
(Fig. 5 A), indicates a slowly decreasing tendency in 
the Q region below 0.3 A - 1 , it should be noted that 
these relatively high tempera ture measurements 
were seriously affected by the experimental diff icul-
ties: Mainly due to the active chemical reactivity of 
liquid sodium metal, the structure factor of l iquid 
Na at 610 °C could not have been de termined with 
sufficient accuracy. Therefore , fu r ther exper imenta-
tion at higher temperatures may be required before 
the full implication of the observed shallow mini-
m u m in the low Q s tructure factor of l iquid alkali 
metals can be assessed. 
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Appendix 

The large angle results obtained by the transmis-
sion mode in this work agree fairly well with those 
previously reported by the reflection mode [2]. The 
numerical values of the structure factor in the Q 
region larger than 0.5 A - 1 have already been listed 
in the previous report [2], al though less accuracy of 
these data may be suggested in the Q region smaller 
than Q\/2 (A - 1) , where Q\ is the first peak position 
in the structure factor. The low Q structure factors 
obtained with sufficient accuracy in this work were 
expressed by polynomials and the parameters deter-
mined by the least-squares fitting procedure are 
given in Table 2 for the convenience of fu r the r 
quantitative discussion of various propert ies of 
liquid metals. However, it should be kept in mind 
that the physically meaningful origin of the pa ram-
eters of higher terms cannot be specified and these 
higher terms were required only for reproducing the 
measured structure factors in the Q region between 
0.08 and LOA - 1 with the fitting uncertainty less 
than 0.5%. 
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